Abstract. We prove that an irreducible lattice acting on a product of two or more locally finite, biregular trees is finitely generated.
Tree lattices have been well-studied (see [BL] ). Less understood are lattices on higher-dimensional CAT(0) complexes. In this paper, we consider lattices on products of trees.
For 1 ≤ i ≤ n and n ≥ 2, let T i be a locally finite biregular tree with edge lengths 1, and let G i be a closed subgroup of Aut(T i ) that acts transitively on the points of any metric sphere in T i with center a vertex of T i . Thus G i \T i contains 1 or 2 vertices. Examples of such G i include Aut(T i ), or the index 2 subgroup of Aut(T i ) that acts without inversions, or a rank one Lie group over a nonarchimedean locally compact field whose Bruhat-Tits building is T i . Let X = i T i with distance d given by the sum of the metrics d T i on each T i . Let G = i G i , and let Γ be an irreducible lattice in G. That is, Γ is discrete, the series
converges, where A ⊂ X is the set of vertices of a fundamental domain for Γ, and the projection of Γ into each proper factor of i G i is dense. Theorem 1. Γ is finitely generated.
It is well-known that a lattice on a single tree is finitely generated if and only if it is cocompact (see e.g. [BL] ). Using Lie theory, Raghunathan proved that Γ is finitely generated if each G i is a rank one Lie group [R] . Our proof is based on the geometry of trees and also proves that Γ quasi-isometrically embeds in X. More precisely, we have Theorem 2. If x ∈ X, then the map Γ → X given by γ → γx is a quasi-isometric embedding where Γ is endowed with a left-invariant word metric.
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Preliminaries
Fix a vertex e = (e i ) ∈ X, and for r ≥ 0 endow
with the path metric. Thus D(0) = Γe, every connected component of D(r) contains a point in Γe, and if D(r) is connected and quasiisometrically includes into X for some r, then Theorems 1 and 2 follow since Γ acts cocompactly on D(r).
Lemma 3. There is some R > 0 such that for any vertex x = (x i ) ∈ X and any k, 1 ≤ k ≤ n, the set
Proof. Fix k and a vertex y ∈ X. Let Γ k be the intersection of Γ with the stabilizer in i G i of T y,k :=
Then Γ k is a tree lattice on T k ∼ = T y,k , since Γ k < Γ is clearly discrete, and
Hence there is a hyperbolic isometry in Γ k (Corollary 5.3, [BL] ). Let τ k be its translation length and A k ⊆T y,k its axis.
be the projection onto the k-th factor. The projection of Γ into i =k G i is dense, thus for any vertex x ∈ X there is some γ ∈ Γ such that π i (γ)
If G i \T i has 1 vertex then the vertices of T i have 1 type, and if G i \T i has 2 vertices then the vertices of T i have 2 types, so that adjacent vertices are of distinct types. From the hypotheses on G i , we have Lemma 4. G i acts transitively on the set of pairs of vertices in T i that are of the same type and that are the same distance apart.
Given 1 ≤ k ≤ n, we define two points x = (x i ) and y = (y i ) in X to be non-k-equal if x i = y i for all i = k, but possibly x k = y k . We define a point x = (x i ) to be non-k-included in a set Y ⊂ X if for some y k ∈ T k , the point (x 1 , . . . , x k−1 , y k , x k+1 , . . . , x n ) is in Y .
Lemma 5. There is some N > 0 such that if x and y are non-kequal vertices in X that are non-k-included in D(R) with d(x, D(R)) = d(y, D(R)) = 1, then there are non-k-equal vertices x , y ∈ D(R) with
Proof. Since Γ\X is locally finite and Γ\D(R) is compact, modulo the action of Γ there are only finitely many triples (x, y, k) satisfying the hypotheses of Lemma 5. So it suffices to find an N for a fixed (x, y, k).
By Lemma 3 there are pairs of vertices in
{x i } at arbitrary distance. Using Lemma 4 and the density of π k (Γ) in G k , there is some γ ∈ Γ such that x , y ∈ D(R) where
and
Proof of Theorems
To show that D(R+N ) is connected and quasi-isometrically includes into X, let a, b ∈ D(R+N ) be given. We may assume a, b ∈ Γe. Let p : [0, 1] → T 1 be a path from a 1 to b 1 , and letp(t) = (p(t), a 2 , a 3 , . . . , a n ).
Ifp ⊆ D(R), then (a 1 , a 2 , a 3 , . . . , a n ) and (b 1 , a 2 , a 3 , . . . , a n ) are connected by a path in D(R + N ) whose length is d T 1 (a 1 , b 1 ) .
If there is an interval σ ⊆p that is disjoint from D(R), then we let x and y be its endpoints. By Lemma 5, there are paths of length N that connect x and y to points in D (R) . With continued applications of Lemma 5, we can replace σ with a path contained in D(R + N ) whose endpoints are x and y. Thus we can connect (a 1 , a 2 , a 3 , . . . , a n ) to (b 1 , a 2 , a 3 , . . . , a n ) with a path contained in D(R + N ) whose length is bounded by N d T 1 (a 1 , b 1 ) .
Repeat this process on the remaining coordinates to obtain a path in D(R + N ), with endpoints a and b, and length at most N d(a, b) .
